We provide an axiomatic and microscopic approach to the second law in open quantum systems based on the recently introduced notion of observational entropy. By starting with the latter as a definition for the nonequilibrium thermodynamic entropy of the 'universe' (the system and the bath), various conceptual shortcomings of previous attempts are overcome. The second law as quantified by an always positive entropy production is expressed as a change of a state function (namely, observational entropy) and it obeys an integral fluctuation theorem. Furthermore, we can treat a larger class of initial states beyond the standard paradigm of canonical Gibbs ensembles. Our approach also provides an alternative perspective on the conventional definition of mechanical work in quantum systems caused by an external time-dependent field. Moreover, the entropy production in our formalism can be unambiguously divided into a quantum and a classical component. In the conventional scenario of a weakly coupled ideal thermal bath our approach is in quantitative agreement with previous ones, thus also reassuring their thermodynamic consistency.
I. INTRODUCTION
Ever since the invention of statistical mechanics physicists seek deeper insights into the laws of thermodynamics by explaining their emergence from an underlying microscopic perspective, with Boltzmann's 'H-theorem' being a well-known first attempt [1] . That this is a nontrivial endeavor was recognized early on ('Loschmidt's paradox' [2] ) and is related to the fact that the microscopic equations of motion preserve the Gibbs-Shannonvon Neumann entropy, which therefore rules it out as a candidate for thermodynamic entropy as it does not describe any irreversibility.
Today, with the recent progress in open quantum system theory [3] and quantum information [4] , much research is focused on small quantum systems interacting with their environment or bath. According to the phenomenological theory of nonequilibrium thermodynamics [5] , such systems are characterized by an always positive entropy production Σ = ∆S S + ∆S env ≥ 0,
where ∆S S (∆S env ) denotes the change in thermodynamic entropy of the system (environment). Furthermore, the environment is typically assumed to be welldescribed by an equilibrium state at temperature T such that its change in entropy can be computed via ∆S env = − dQ/T . Here,dQ denotes an infinitesimal heat flow, which we define to be positive if it enters the system. Then, the second law takes on the traditional form
Clausius, who first introduced Σ and called it uncompensated transformations ("unkompensierte Verwandlungen"), recognized that any excess Σ > 0 in the entropy produced signifies a thermodynamically irreversible process and prevents a potential heat engine from reaching Carnot efficiency [6] . Equation (2) is also often referred to as Clausius' inequality, in particular in its infinitesimal form dS ≥dQ/T . Together with a proper first law dU S =dQ +dW , linking the change in internal energy dU S of the open system to heatdQ and workdW , Eq. (2) (which can be extended to multiple heat baths) constitutes the basic building blocks of phenomenological nonequilibrium thermodynamics. For small open quantum systems it is furthermore typically justified to assume that the environment gets only very slightly perturbed away from its initial temperature, here denoted by T 0 . Then, Eq. (2) reduces to
where Q = dQ denotes the total flow of heat from the environment, which, in case of weak system-bath coupling, equals minus the change in energy of the environment. Based on a quantum master equation, which describes the dynamics of the open quantum system within the Born-Markov secular approximation [3] , Eq. (3) was rigorously derived [7] [8] [9] , see also Refs. [3, 10] . Nevertheless, still much less is known about the microscopic origin of Eqs. (1) to (3) when starting from Hamiltonian dynamics in the global system-bath space. Deriving the laws of thermodynamics from a Hamiltonian perspective is of foundational importance as it clarifies the microscopic origin of phenomenological concepts such as heat and work. Furthermore, it becomes also of increasing practical relevance given that the environment is often not very weakly coupled, memoryless or macrocopically large. This quickly causes the conventional Born-Markov secular approximation to break down. Despite some recent progress in this direction (see below), some major questions are still open. For instance, to the best of the authors' knowledge, nobody has ever proposed a meaningful definition of entropy (undeniable an important state function in nonequilibrium thermodynamics) for the bath or the system-bath composite. From that perspective, the core statement of the second law about the 'increase of entropy' was never proven within the open systems paradigm. Moreover, also other concepts remain debated in quantum thermodynamics, such as the definitions of heat and work, where, depending on the community, different approaches are prefered.
Here we present a more axiomatic approach by starting with a definition of thermodynamic entropy for the system-bath composite, which is valid even out of equilibrium. This definition turns out to be a special case of the 'observational' (or 'coarse-grained') entropy as recently (re)introduced bySafránek, Deutsch and Aguirre to study nonequilibrium processes in isolated quantum systems [11] . By focusing on the system-bath paradigm, we obtain a novel, but consistent perspective on heat, work and entropy production in open quantum systems. Our study reveals how tools developed in nonequilibrium statistical mechanics of isolated quantum systems can be used for quantum thermodynamics. Vice versa, our findings provide strong evidence that observational entropy provides a good candidate for thermodynamic entropy of isolated out-of-equilibrium systems, a topic which is still being actively debated [12] .
Outline: To set the stage and to motivate our study, we start in Sec. II with a mini-review about previous attempts (together with their drawbacks) to derive the laws of thermodynamics from a microscopic picture. This section also establishes most of the notation. Afterwards, in Sec. III we introduce the concept of observational entropy followed by listing four important facts about it in Sec. IV. We then continue with a discussion about the definition of heat and work in isolated quantum systems in Sec. V. The central part of the present paper is Sec. VI, where we discuss the second law and the fluctuation theorem based on observational entropy and its relation with other approaches. This is done for a single heat bath initially decorrelated from the system, but extensions can be found in Sec. VII. The paper then ends with conclusions and some open questions.
II. REVIEW OF MICROSCOPIC APPROACHES TO ENTROPY PRODUCTION
Providing exact microscopic (i.e., Hamiltonian) identities related to the second law of thermodynamics for an open (classical or quantum) system has gained a lot of attention during the past decades . While differing in several aspects, two common ingredients are the information-preserving character of the microscopic dynamics (conservation of the Gibbs-Shannon-von Neumann entropy; sometimes also expressed in terms of Liouville's theorem or time-reversal invariance) and a spe-cial choice of initial state (typically related to a canonical Gibbs state). Here we exemplarily review the approach of Refs. [21, 23] together with its merits and drawbacks, which we will eventually overcome. The advantage of this approach is that its derivation is relatively easy to follow while it is at the same time quite general. Furthermore, the main message at the end of this section is not different for the other approaches.
Within the standard paradigm of open system theory, we assume that the dynamics of the universe is modeled by the Hamiltonian
Here, H S (λ t ) is the system Hamiltonian with λ t some externally specified driving protocol (e.g., a changing electric field). Furthermore, H B describes the bath Hamiltonian and V SB the interaction between system and bath. The present approach can be generalized to a driven interaction Hamiltonian and multiple heat baths [21] , but for ease of presentation we refrain from doing so in this section. Now, the only assumption we will add is that the initial state of the universe is given by
where ρ S (0) is arbitary and π B (β 0 ) ≡ e −β0HB /Z B with Z B = tr B {e −β0HB } denotes the canonical equilibrium state of the bath at inverse temperature β 0 . This assumption is essential for the following and conventionally used in open system theory [3] , attempts to overcome it can be found in Refs. [16, 20, 29, 30, 32, 33, 35, 37, 39] . We denote by S vN (ρ) ≡ −tr{ρ ln ρ} the von Neumann entropy of the state ρ. Then, since the global dynamics are entropy-preserving and we start with a decorrelated state (4), we find immediately that
≥ 0 is the always positive mutual information. It is tempting to view Eq. (5) already as the entropy production: at least it is always positive and given by a change in a state function, namely the sum of the local von Neumann entropies. Indeed, if the 'bath' itself is microscopically small, it was proposed to identify the heat flux directly via −β 0 Q = ∆S vN [ρ B (t)] [32] . Then, Eq. (5) formally looks identical to the phenomenological expression (3) if we identifiy the thermodynamic entropy of the system with S vN [ρ S (t)]. However, for a mesoscopic or macrocopic heat bath this does not provide a satisfactory resolution as the mutual information can always be bounded by I(ρ SB ) ≤ 2 ln dim(H S ), where dim(H S ) denotes the dimension of the system Hilbert space (which we assumed to be smaller than the bath dimension). Thus, e.g., for a two-level system the 'entropy production' (5) would be bounded from above for all times by 2 ln 2, which is clearly in general not the case. As a counterexample it suffices to consider, e.g., an open system subject to an intense laser field constantly dissipating energy into its environment. The entropy production in this case should rather scale extensively with time (meaning that Σ ∼ t after some transient time).
Therefore, one employs a second important step by noting the exact identity ∆S vN 
is the change in energy of the bath alone and D[ρ σ] ≡ tr{ρ(ln ρ − ln σ)} ≥ 0 is the always positive relative entropy. Then, one identifies (we set k B ≡ 1 throughout the paper)
as the entropy production, here denoted byΣ to distinguish it from our approach put forward later on. Upon further identifying (minus) the change in bath energy with the heat flux into the system,Q ≡ −∆E B , one obtainsΣ ≡ ∆S S − β 0Q ≥ 0. Note that Eq. (6) is effectively bounded by the logarithm of the bath dimension and therefore it can grow extensively for all experimentally relevant times. The advantages of the present approach are the following:
AΣ is positive for arbitary system-bath dynamics and arbitary system and bath sizes based solely on assumption (4) .
BΣ has a transparent information theoretic interpretation.
C It has the conventional form (3) as in phenomenological nonequilibrium dynamics if one identifies heat as the change in the energy expectation value of the bath:Q ≡ −∆E B .
While having several advantages, we also need to mention the drawbacks of the present approach: D The present approach does not provide a definition for the thermodynamic entropy of the universe and therefore, it fails to relate the positivity of Eq. (6) to the traditional statement of the second law of thermodynamics, namely the 'increase of entropy'. When trying to expressΣ = ∆S(t) as a change in a state functionS, which is supposed to define the thermodynamic entropy of the universe, one ends up only with doubtful choices. Indeed, neglecting any additive constants, we get in order to ensurẽ Σ(t) = ∆S(t) the choices
But these definitions do not look very meaningful for a thermodynamic entropy, see also the discussion in Refs. [11, 12] . For instance, they depend explicitly on the initial inverse bath temperature β 0 , which seems awkward as the formal definition of any known thermodynamic entropy (as a functional of the state ρ) does not depend on it (clearly, if ρ itself depends on β 0 , then so does also, e.g., the Gibbs-Shannon-von Neumann entropy, but a priori the definition −tr{ρ ln ρ} is free from any temperature dependence).
E While the initial system state can be arbitrary, the bath is strictly required to be a canonical equilibrium state. While this is a convenient mathematical choice, we believe that the second law holds also for more general states of the bath, which are not perfectly sampled according to the Gibbs distribution, see also the recent discussion [40] [41] [42] .
F While we stated in Point C above thatΣ can be connected to energy changes ∆E B in the bath, it should be noted that additional care is required when identifying it with 'heat'. For instance, if the bath is not sufficiently large and cannot be assumed to stay close to its initial equilibrium state at temperature T 0 , one rather expects a second law of the form (2) . Furthermore, the correct identification of heat is subtle beyond the case of a weakly coupled Markovian bath and still much debated [29, 30, 35, [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] . For these reasons we prefer to use the notation ∆E B instead of Q since the connection to heat is not transparent.
To conclude, while the derivation of Eq. (6) is very elegant, its literal physical interpretation as the entropy production seems doubtful beyond the scenario of a weakly perturbed bath. Put differently, despite being a very useful inequality, its generality from a mathematical point comes at the cost of a resticted physical scope. The goal of this paper is to overcome the problems D, E, and F, while retaining the beneficial and important properties A, B, and C. This requires us to put forward a different approach to the problem.
III. OBSERVATIONAL ENTROPY
In this and the following two sections we will forget the system-bath paradigm and consider an arbitrary isolated system in a state ρ with Hamiltonian H.
Then, let {Π x } denote a set of projectors associated to some observable X =
x xΠ x . The projectors ful-
, and x Π x = 1 (where 1 is the identity operator). Furthermore, we denote by V x ≡ tr{Π x } the dimension of the projector Π x , which can be larger than one and, in fact, will often be much larger than one for thermodynamically relevant observables. The observational entropy with respect to {Π x } is then defined as
where p x = tr{Π x ρ} is the probability to observe outcome x. Equation (9) describes the usual Shannon entropy with respect to the probability distribution p x plus the average remaining uncertainty x p x ln V x reflecting our ignorance about not knowing the precise microstate after receiving the outcome x. In that sense Eq. (9) interpolates between the standard Gibbs-Shannon-von Neumann entropy, obtained by choosing X = ρ, and the Boltzmann entropy, obtained when the system is restricted to an energy shell and our measurement does not reveal any finer information about it. Below, whenever it is clear from context, we will write S X obs (ρ) = S X obs . A few historical remarks are insightful. The origin of definition (9) can be traced back to von Neumann, who attributes it to a personal communication from Wigner [54] (for a English translation see Ref. [55] ). For the particular case where the system is classical and the measurement divides the phase space into small volumes, Eq. (9) also appears under the name "coarse-grained entropy" in connection with mixing and ergodicity, see, e.g., Sec. I.B.3 in Ref. [56] . This idea goes back to Gibbs [57] and Lorentz [58] , see also Sec. 23a of the treatise about statistical mechanics of the Ehrenfests [59] . For the same coarse-grained entropy a proof about its increase when starting from a particular initial state was given in Sec. 1.3.1 of Ref. [60] , which is similar to our Lemma IV.3 below. This idea also seems to date back to Gibbs, see again the Ehrenfests [59] . Interestingly, however, Zubarev et al. in their book about nonequilibrium statistical mechanics [60] refuse to use Eq. (9) as a definition of thermodynamic entropy for out-of-equilibrium processes and instead prefer to use the Gibbs-Shannonvon Neumann entropy of a generalized Gibbs ensemble. Furthermore, the increase of Eq. (9) was also studied recently for Markov chains within a consistent history framework [61] . To conclude, the definition (9) appears rather sporadically in the literature (for another example see Ref. [62] ). We believe that, apart from the initial work by von Neumann (and Wigner), only very recently Eq. (9) was directly proposed as a generally valid definition of thermodynamic entropy for isolated nonequilibrium systems bySafránek, Deutsch and Aguirre [11] . They provide a list of compelling arguments for it by studying the relaxation dynamics back to equilibrium in such isolated systems, see also their subsequent work [63] [64] [65] . In there, one can also find extensions of Eq. (9) to multiple measurements {Π x , Π y , . . . }. In this case, the order of the measurements matters since [Π x , Π y ] = 0 in general, where [A, B] = AB − BA denotes the quantum mechanical commutator. However,Safránek et al. argue that for typical situations encountered in thermodynamics the effect of the non-commutativity becomes very small. We will not be concerned with this problem here.
Instead, we are interested in the evolution of observational entropy within the scope of quantum thermodynamics and within the open system paradigm. This was not pursued in Refs. [11, [63] [64] [65] and our philosophies are quite different indeed.Safránek et al. study big isolated quantum systems, which are initialized out of equilibrium and then relax back to equilibrium (in a macroscopic sense) for a constant Hamiltonian H. Instead, we will look at system-bath setups, which are initialized in equilibrium (at least in some particular sense, see below), but are then driven out of equilibrium, either by changing a time-dependent field or by having multiple heat baths initialized at different temperatures (or both).
IV. FOUR OBSERVATIONS ABOUT OBSERVATIONAL ENTROPY
Below, we will repeatedly use four important facts about observational entropy, which we list here as Lemmas for the general definition (9) . They hold for any set of projectors {Π x } and might be of independent interest.
We start with the following rewriting of observational entropy:
Proof. Since the states ρ(x) have support on orthogonal subspaces, it follows from Theorem 11.10 in Ref. [4] that
Using this insight in Eq. (10) yields
which is identical to Eq. (9) since tr{ρ(x)} = 1.
The next lemma characterizes the states ρ which have the same von Neumann and observational entropy.
for an arbitary set of probabilities p x .
Proof. Using Eq. (10), we can write
Thus, S X obs − S vN (ρ) is given as the sum of two nonnegative terms. It follows from Theorem 11.9 in Ref. [4] that
The third lemma can be already seen as a precursor of the second law of thermodynamics, albeit the projectors {Π x } are still arbitrary and not necessarily of thermodynamic relevance. Furthermore, since we are now interested in changes in observational entropy, we explicitly write S Xt obs (t) for the observational entropy at time t and indicate that also the chosen observable X = X t can depend on time. Here and for the rest of this paper we also set the initial time to t = 0.
Moreover, the change in observational entropy
can be divided into a quantum and classical part, which are both separately non-negative:
Proof. Since S vN [ρ(0)] = S vN [ρ(t)] due to the unitary time evolution, we have ∆S Xt
This term is easily shown to be positive using Eqs. (10) and (15), see also Ref. [54] and Theorem 3 in Ref. [63] . The splitting into Eqs. (18) and (19) follow from Eqs. (10) and their positivity is evident [cf. Eq. (15)].
We remark that the splitting into the quantum and classical part is unambiguous. In fact, the quantum part coincides with what is known as the 'relative entropy of coherence', which plays an important role in resource theories of quantum coherence [66] . If we denote the dephasing operation by D X ρ ≡ x Π x ρΠ x , we can write
This confirms that Σ qm (t) quantifies a true quantum feature, namely the distance between the actual state of the system and its dephased ('classial') counterpart. Furthermore, by evaluating the trace in Eq. (19) in the eigenbasis
Thus, Eq. (19) describes a weighted average of the relative entropies between ρ(x t , t), seen as a classical mixture of microstates, and the maximally mixed probability distribution 1/V xt . This uncertainty is entirely classical in origin.
The final lemma presents a constraint on how observational entropy can fluctuate along single realizations of an experiment. We will refer to this as the fluctuation theorem because similar relations play an important role in classical nonequilibrium statistical mechanics [67, 68] , stochastic thermodynamics [69] , and also in the quantum regime [70, 71] . The fluctuation theorem derived here is, to the best of our knowledge, novel.
Here, ∆s Xt
Furthermore, . . . ≡ xt,x0 . . . p xt,x0 denotes an ensemble average over the joint probability distribution p xt,x0 = tr{Π xt U t Π x0 ρ(0)Π x0 U † t } to get the measurement results x 0 and x t , where U t is the unitary time evolution operator from 0 to t.
we get the following chain of equalities:
For the last steps we used
We remark that the fluctuation theorem (23) implies the formal second law (16) and hence, it is a much stronger statement.
V. HEAT AND WORK IN ISOLATED QUANTUM SYSTEMS

A. The standard argument and its problems
In this section we are still considering a big isolated quantum system, but we allow that the Hamiltonian H = H(λ t ) can depend on some externally prescribed driving protocol λ t (e.g., a changing electromagnetic field). This time-dependence causes a change in the internal energy U (t) = tr{H(λ t )ρ(t)} during the evolution, i.e.,
To arrive at the second equality, we used the Liouvillevon Neumann equation, that the trace is cyclic, and [H(λ t ), H(λ t )] = 0. Now, a large part of the literature [13-23, 25, 29, 35, 37, 43, 44, 46-48, 51, 52] , mainly those with a traditional background in statistical mechanics, identifies the change in internal energy with the work done on the system,
The logic behind this identifcation comes from the fact that the entire system is isolated. Hence, it can not exchange heat with the outside world (Q = 0) and, as a consequence of the first law, its change in energy can be only due to work. While this sounds meaningful at first sight, doubts arise at second sight. Consider, for instance, our daily lunch box with an initial energy U (0) put into the microwave for a couple of minutes. Now, let us neglect the surroundings of the microwave chamber, which is not needed for its functioning and which is only very weakly coupled to the inside. Thus, to a good degree of approximation we have an isolated system. After subjecting it to the microwave radiation, its energy, including the one of our lunch box, has increased to U (t) > U (0). Yet, nobody calls this process "charging the food", but everybody says "heating the food". This (perhaps oversimplified) example demonstrates the problem with identifying ∆U = W tot in an isolated many-body system as the work typically gets quickly degraded into 'useless' heat. It is another demonstration why the Gibbs-Shannon-von Neumann entropy is not a legitmate candidate for thermodynamic entropy out of equilibrium. If it were, then we could identify any isolated system with a battery (compare also with the definition of a work reservoir in Ref. [31] ). Therefore, a large community in quantum thermodynamics, mainly those inspired by quantum information and resource theories, favors a more inclusive and operational approach [72, 73] , in which the battery is explicitly modeled.
The goal of this section is to show that the framework based on observational entropy allows to identify which part of ∆U is really useful work in the sense that it can be recovered (if ∆U > 0) by simple operations even if the system is macrocopic. This can, in general, not be done for the total work W tot identified via Eq. (27), although we want to stress that our goal is not to completely dismiss the identification ∆U = W tot . Rather, we want to show a way offered by observational entropy to identify the 'useful' part of work without the need to explicitly model a work storage system, which is theoretically and experimentally demanding. After all, our electricity bill will clearly tell us that we have consumed work by using the microwave (and we do not want to challenge the energy industry here!).
B. Reversibility and recoverable work based on observational entropy
We now take the energy H as our observable and denote the corresponding projectors by Π E and the observational entropy by S E obs . For ease of presentation we neglect the time-dependence induced by the protocol λ t , but return to it momentarily. To model a macroscopic measurement, we allow that it has some uncertainty δ (as already done in the original work by von Neumann [54] ) such that the projectors read explicitly
Here, the index ℓ i takes into account exact degeneracies for a particular energy E i , i.e., H|E i , ℓ i = E i |E i , ℓ i . Therefore, the dimension V E = tr{Π E } of the energy shell has two contributions: one coming from the imprecision of the measurement and one due to the exact degeneracy. We do not explicitly include the dependence on δ in the notation as the formal mathematical manipulations below hold for any δ. Yet, to avoid trivial situations and to make contact with traditional thermodynamics, δ > 0 has to be sufficiently small in an experiment. We will discuss this topic further in Sec. VIII. Next, we introduce the set of equilibrium states with respect to S E obs by demanding that they are precisely those states ρ that fulfill S E obs = S vN (ρ). We denote those states by Ω and from Lemma IV.2 we know that these states are given by
for an arbitrary probability distribution p E . They therefore correspond to a somewhat larger class of equilibrium states than conventionally considered in statistical mechanics, but they share the same feature that they are invariant in time for a fixed Hamiltonian H and represent maximum ignorance given the distribution p E . Now, consider that we start with such an equilibrium state Ω(0) = E0 p E0 ω(E 0 ) at time t = 0. We call the process thermodynamically reversible, if its change in observational entropy with respect to the energy observable H(λ t ) nullifies:
By Lemma IV.2 and IV.3 this implies that also the final state must be an equilibrium state, now of the form Ω(t) = Et p Et ω(E t ). The probability distribution p Et must obey the constraint (30), but it is otherwise arbitrary. Our claim is now that any energy change ∆U > 0 due to a reversible process as defined by Eq. (30) can be easily recovered and under these circumstances it is meaningful to speak about ∆U = W tot as the work stored in the state Ω(t). To see this, remember the standard argument of how to revover the work for an arbitrary state change by using time-reversal symmetry. Let 
Thus, operationally speaking, we recover the same amount of internal energy W tot = ∆U spent in the forward process if we time-reverse the final state ρ(t), let the protocol λ t run backward (and perhaps reverse a magnetic field) and time-reverse the state again. Clearly, the easy part here is to implement a time-reversed driving protocol λ t and a reversed magnetic field. The hard part instead corresponds to time-reversing the macrocopic state ρ(t) (for instance, classically one would need to reverse the momenta of all particles, which is experimentally already challenging to achieve accurately for one particle). Thus, the operation Θρ(t)Θ is experimentally out of reach for all thermodynamically relevant scenarios considered here. However, there is one class of states for which this operation is easy to achieve and this is precisely the class of equilibrium states characterized by Eq. (29), which actually further justifies their terminology:
In words, an equilibrium state is invariant under timereversal and hence, there is actually no need to implement the cumbersome time-reversal operation. Thus, our approach based on observational entropy precisely shows that reversible processes are characterized by the fact that they are simple to time-reverse from a macrocopic point of view. Thus, any amount of work ∆U = W tot invested in a reversible forward process can be easily recovered in the time-reversed process. Note that this statement is not a trivial tautology. If we had started with a different notion of thermodynamic entropy, it is far from clear whether this would imply the same statement (for the Gibbs-Shannon-von Neumann entropy this is, for instance, not the case). Furthermore, while we will be mostly interested in nonequilibrium situations, the reversible limit is not unimportant. One important class of transformations, which falls into this category, are adiabatic transformations achieved by changing the protocol λ t very slowly.
C. General case
In general, even if we start from an equilibrium state Ω(0), the final state ρ(t) will not be an equilibrium state and the process will be irreversible, i.e., characterized by an increase of observational entropy, ∆S Et obs > 0, see Lemma IV.3. Our goal is now to split the change in internal energy (26) into a part W rec , which is recoverable work in a macroscopic sense, and some remaining heat Q rem :
Here, by "recoverable in a macrocopic sense" we mean the following. First, the only information we are allowed to use about the system state ρ(t) is encoded in the observational entropy S Et obs (t) (if we had more information, that would be equivalent to choosing a different, more fine-grained observational entropy). Second, the only way we can control the Hamiltonian of the system is via the specified driving protocol λ t and perhaps some other external fields such as a global magnetic field. Third, we also allow that we can bring the system into weak contact with an ideal 'super-bath' at temperature T , which induces equilibration on the system and causes heat exchanges.
For any nonequilibrium state ρ(t) we now introduce an effective nonequilibrium temperature T * t = T * [ρ(t)], which, roughly speaking, corresponds to the temperature of its respective equilibrium state with the same internal energy. More precisely, we define T * t to be the temperature T of a super-bath such that that no net heat exchange will take place when coupling the system to it. This is an operationally well-defined temperature and it is also unique under the reasonable assumption that the heat exchanged between the system and the super-bath is a monotonic function of the temperature T . Note that similar constructions (called "nonequilibrium contact temperatures") are used for a long time in phenomenological nonequilibrium thermodynamics [74] , also see, e.g., Ref. [75] .
Note that for certain pathological choices the nonequilibrium temperature might not be defined, for instance, for an assembly of spins all aligned anti-parallel to an external magnetic field (also called a "negative temperature" state). However, by flipping the magnetic field B → −B, we can deterministically change the energy of this state and end up in a situation where T * t is again well-defined. In general, we believe that the construction of counterexamples requires precise microscopic control over the initial state ρ(0) or the Hamiltonian H(λ t ), which is beyond the scope of our general (rather coarsegrained) discussion in this section. Thus, we here assume that our experimental capabilities are limited. In particular, we assume that we cannot implement any unitary V we like in order to deterministically extract any possible amount of work tr{H(λ t )[V ρ(t)V † − ρ(t)]} from the final nonequilibrium state. We will return, however, to this situation in Sec. VI C.
We proceed by defining
where π(β * s ) is the canonical state with respect to the effective inverse temperature β * s = 1/T * s . Remember that the observational entropy S E obs [π(β * s )] coincides with the usual thermodynamic entropy at equilibrium if the measurement uncertainty δ is small enough. It remains to be shown that W rec (t) is really recoverable in the macroscopic sense as specified above. This can be done by coupling the system at time t to a super-bath with the temperature T * t . This brings the final nonequilibrium state ρ(t) to its associated equilibrium state π(β * t ). Since by definition there is no net heat exchange between the system and the super-bath, the system's internal energy does not change, i.e., U [ρ(t)] = U [π(β * t )]. Now, we implement a process in which we change the protocol λ t back to its initial value and successively couple the system to super-baths at the reverse order of the temperatures T * t . This is called a Clausius-Duhem process, see Ref. [15] for a detailed microscopic analysis. In the reversible limit equilibrium thermodynamics predicts
whereQ(s) is the instantaneous heat flux at time s absorbed during the Clausius-Duhem process according to the reversed protocol λ s → λ t−s . By comparison with Eq. (35) we find that the remaining heat introduced above is identical to minus the heat absorbed in this ideal, reversible Clausius-Duhem process. Furthermore, the maximum amount of extractable work follows from the first law and is given by minus Eq. (34).
VI. SECOND LAW FOR A DRIVEN SYSTEM IN CONTACT WITH A HEAT BATH
We now return to the situation reviewed in Sec. II of a driven system in contact with a single heat bath. Extensions are discussed in the next section. Furthermore, although our identities remain valid for a system and a bath of any size, we have in mind the typical situation of open quantum system theory, which is also of relevance for quantum thermodynamics and many experiments. This means that we have a small system, which we can control precisely, in contact with a large bath about which we have only coarse-grained information. Here, the notions "small" and "large" as well as "precise" and "coarse-grained" have to be understood in a relative sense, of course, and crucially depend on the experimental capabilities. A major advantage of the present approach based on observational entropy is that it is naturally formulated in a way, which allows to take different levels of knowledge into account.
As the thermodynamically relevant observables we choose an arbitrary system observable S t , which can depend on time, and the bath energy E B , which is timeindependent by construction (see also Sec. II). To measure the energy E B , we assume as in Sec. V B a coarsegrained measurement with uncertainty δ. In our theoretical considerations, δ is a free parameter, but experimentally this is, of course, not the case. We discuss the experimental requirements for a 'good' δ in Sec. VIII. Then, the observational entropy reads in general
with p st,EB (t) = tr SB {Π st Π EB ρ SB (t)} and V st,EB = tr SB {Π st Π EB }. Note that, since we measure the two observables S t and E B on two different Hilbert spaces, the time-ordering of the measurement does not matter. Furthermore, in view of the agreement above, we assume that the observable S t = st s t |s t s t | is fine-grained, i.e., composed out of rank-1 projectors. This is not necessary, but it makes the following exposition easier to follow. Hence, V st,EB = V EB = tr B {Π EB } and therefore,
The initial state is chosen as a generalization of Eq. (4) to be
Here, Ω B is a state of the form (29) and therefore, is more general than the Gibbs state in Eq. (4). In particular, Ω B is in general not a (completely) passive state, yet our second law also holds in that case. Correlated initial states are treated in Sec. VII B. Finally, we take the initial system observable S 0 to fulfill [S 0 , ρ S (0)] = 0, which implies S vN [ρ SB (0)] = S S0,EB obs (0), compare also with Lemma IV.2.
A. The second law
Based on the previous considerations the second law follows directly from Lemma IV.3:
Here, we defined the entropy production Σ, which is positive and characterizes the increasing uncertainty about the state of the universe, i.e., the system and the bath, with respect to the observables S t and E B . It also follows from Lemma IV.3 that the second law can be divided into a classical and a quantum part via Σ(t) = Σ cl (t)+Σ qm (t).
If we take into account that the measurement of S t is given by rank-1 projectors, we obtain for the classical part
where ρ B (E B , t) = Π EB tr S {ρ SB (t)}Π EB /p EB (t) is the post-measurement bath state and p EB (t) = st p st,EB (t). Interestingly, only the state of the bath influences the classical contribution of the entropy production. For the quantum part we obtain
It is instructive to also consider the change in marginal observational entropies, which, by virtue of the decorrelated initial state (39) , is given by
Here,
is the classical mutual information characterizing the correlations in the final measurement results of S t and E B . Whether this mutual information is experimentally measurable and of relevance, is still unclear. Theoretically, we believe it is typically a term of minor relevance. Coming back to our initial example in Sec. II of a two-level system subjected to a laser field, it seems that the one bit of information associated to measuring S t can tell us only very little about the energetics of the bath after many driving cycles. Thus, we conjecture that for almost all purposes of practical relevance Σ ′ Σ, where "a b" is used to denote a ≥ b with (a − b)/b ≪ 1.
B. Connection to the first law
In this section we are asking how far we can link the change in observational entropy of the bath ∆S EB obs (t) to the traditional notion of heat identified as the change in energy of the bath ∆E B (t). In general, since we allow for baths of any size, possibly strongly coupled to the system, and initialized in states beyond the canonical Gibbs paradigm, it might not be possible to establish this link. For simplicity we assume in this section that the initial state of the bath is given by a canonical Gibbs state, i.e., ρ B (0) = π B (β 0 ) = e −β0HB /Z B such that p EB (0) = V EB e −β0EB /Z B , tacitly assuming that the width δ of the energy shells is small enough. Note that we do not consider the traditional weak coupling limit here, which is treated in the next section.
We start by recalling the definition of remaining heat from Sec. V C, originally established for a driven isolated system. We then adapt Eq. (35) to define the remaining heat of the bath via
Here, T * s is the effective nonequilibrium temperature of the bath with the same operational meaning as in Sec. V C. Furthermore, consider that we are now implementing the same Clausius-Duhem process as above, but only for the bath. Since there is no driving protocol λ t with which we can change the bath Hamiltonian, this Clausius-Duhem process simply describes a very slow, reversible change in the bath temperature from T * t back to the initial temperature T * 0 = T . Consequently, there is no mechanical work applied to the system and the remaining heat in the bath is equal to its change in energy Q B rem (t) = ∆E B (t). Furthermore, since the process is reversible, compare with Eq. (36), we can split the change in observational entropy of the bath as follows:
Note that this expression explicitly takes into account that the bath temperature can change, which seems reasonable when the effect of the system on the bath is not negligible, compare with Eq. (2). Now, from the second law (43) we can deduce that
For the second inequality we used that S EB
] the Gibbs ensemble maximizes the entropy. Equation (47) has the form of the traditional second law (2) for a bath with a changing temperature. It follows from our approach based on observational entropy by neglecting the final nonequilibrium nature of the bath.
C. Weak coupling regime
We now focus on the comparison with the well-studied weak coupling regime [7] [8] [9] [10] , albeit we have to emphasize that the weak coupling assumption here is less restrictive than the traditional one used in open quantum system theory [3] : we do not invoke the Markovian or secular approximation or a van Hove-like weak coupling limit. Instead, our weak coupling regime can be defined as follows. We start by writing the probabilities p EB (t) to measure the bath energy E B at time t as
where q EB (t) is a correction, which, due to normalization, fulfills EB p EB (0)q EB (t) = 0. Now, our weak-coupling treatment is restricted to considerations where the parameter ǫ is small enough such that terms of order O(ǫ 2 ) can be neglected. This should be a reasonable approximation if the bath is large enough such that its populations only get slighlty perturbed due to the presence of the system. A straightforward computation reveals
where ∆E B (t) = EB E B [p EB (t)−p EB (0)] is the change in bath energy. In this regime it is justified to identify it with (minus) the heat flow into the system: Q = −∆E B . Note that Eq. (49) also follows directly from Eq. (47) .
Here, we assumed that we only have to take into account the initial temperature T 0 of the bath because the final effective temperature deviates only slighly from it, i.e., T * t = T 0 + ǫ. Note that ǫ is numerically not identical to the parameter in Eq. (48), but the underlying philosophy is the same, namely a weak perturbation of the bath caused by the system. This also becomes transparent by considering the term
where we used Eq. (49) . Now, remember that π B (β * t ) is defined by the requirement to have the same energy as the final nonequilibrium state ρ B (t). One can then show, by using the identities (55) and (56) derived below, that
Thus, Eq. (46) reduces to
characterizing an ideal heat bath, which does not develop any noticeable nonequilibrium features.
Finally, to recover the standard second law used in quantum thermodynamics [3, 10] , we consider the case where we measure the final state of the system in its eigenbasis such that [S t , ρ S (t)] = 0. Then, the change in observational entropy of the system becomes identical to its change in von Neumann entropy: ∆S St obs (t) = ∆S vN [ρ S (t)]. It then follows that
as desired. Now, however, we have microscopically derived that this second law is identical to the traditional statement about the increase in thermodynamic entropy of the universe. Furthermore, note that a measurement of S t , which fulfills [S t , ρ S (t)] = 0, is 'optimal' in the sense that it minimizes ∆S St obs (t) and hence, also the entropy production Σ.
Finally, we reconsider our notions of recoverable work and remaining heat from Sec. V C in the weak coupling regime. Within the open system paradigm there are different levels of control over the system, which one can imagine, and we will consider two opposite cases here. The highest degree of control assumes that ρ S (t) is known at all times and that we have complete control about the system Hamiltonian. In particular, we can implement any unitary operation we want on the system. The lowest level of control instead assumes that the changes H S (λ t ) that we can implement are fixed and constrained such that we cannot generate any unitary operation we wish. These two levels of control will indeed correspond to two well-known second-law-like identities as we are going to demonstrate now. Different levels of control and knowledge are also imaginable, see Refs. [76, 77] for further research in this direction.
We start with the lowest level of control (as we actually also did in Sec. V C). To compute the recoverable work, we imagine that we bring the final system-bath state ρ SB (t) into contact with a super-bath such that it relaxes to an equilibrium Gibbs state π SB (β ′ ) without a net heat exchange. Furthermore, since the bath is very large and the driven system very small, π SB (β ′ ) describes an equilibrium state with respect to the inverse temperature β ′ = β 0 +ǫ, where ǫ describes a very small correction to the initial inverse temperature β with a similar meaning as above. Then, in the first step of the Clausius-Duhem process we connect π SB (β ′ ) to a super-bath at inverse temperature β 0 . This induces a slight change in the system-bath temperature and its change in energy and entropy is given by
Here, we introduced the shorthand notation U SB (β 0 ) = U SB [π SB (β 0 )] and S SB (β) = S vN [π SB (β 0 )], implicitly assuming that at equilibrium the equivalence of ensembles holds. Furthermore, Var β (H SB ) ≡ tr{H 2 SB (λ t )π SB (β)} − tr{H SB (λ t )π SB (β)} 2 equals the equilibrium variance in system-bath energy. Thus, during the first step the recoverable work (34) becomes
i.e., it is negligible. In the second stage of the protocol, we adiabatically change the system Hamiltonian from its final value H S (λ t ) back to its initial value H S (λ 0 ) while the system is in weak contact with the bath, which in turn is still in weak contact with the super-bath at inverse temperature β 0 . Since the bath Hamiltonian is fixed and since we assume the system-bath interaction to be weak, we can approximate in this case
where we now denoted the dependence on the control parameter λ t explicitly. Thus, the recoverable work becomes in this case
where the change in equilibrium free energy can be expressed as ∆F S (β 0 ) = −T 0 ln[Z S (λ t )/Z S (λ 0 )]. Now, imagine that the forward process started with an equilibrium system state ρ S (0) = π S (β 0 , λ 0 ). Then, our work recovery protocol has finished as we returned the global system-bath state back to its initial state. The recoverable work is given by Eq. (60) and the remaining heat becomes
where we identified the total work done on the system [W tot (t)] with the global change in internal energy [∆U SB (t)], compare with Eq. (27) . Remarkably, Eq. (61) is well-known in the literature as the dissipated work [13, 14, 17, 19, 20] , which is always positive as also follows from Eq. (54) . Thus, what we have previously identified with the remaining heat in the system-bath composite turns out to be identical to the dissipated work for the case of low-level control as considered here. Let us now consider the case of high-level control, where we are also able to extract work from the nonequilibrium nature of the final (and possibly also initial) system state. How this works in principle is well-known [78] . One instantaneously rotates the system Hamiltonian to the eigenbasis of ρ S (t) and instantaneously shifts the energy eigenvalues such that the resulting Hamiltonian H ′ S (λ t ) fulfills −β ′ H ′ S (λ t ) ∼ ln ρ S (t). Then, we follow the same two steps as above and return the system to an equilibrium state with respect to the Hamiltonian H ′ S (λ 0 ). If the system started in equilibrium, then H ′ S (λ 0 ) = H S (λ 0 ). If the system started out of equilibrium, then we choose −β 0 H ′ S (λ 0 ) ∼ ln ρ S (0) and again instantaneously change the system Hamiltonian H ′ S (λ 0 ) to H S (λ 0 ) without changing the system state. The recoverable work becomes then the change in nonequilibrium free energy,
Again, this expression is well-known from the literature [21, 23, 24] and it is always positive due to Eq. (54).
D. Fluctuation theorems
From Lemma IV.4 it follows that various fluctuation theorems hold, whose precise form depends on the system observable S t and the initial system-bath state. Here we point out three relevant observations.
First, if we choose that [S t , ρ S (t)] = 0 and if the bath behaves as an ideal, weakly coupled thermal bath (as assumed in Sec. VI C), then it holds that
Here, p st (p s0 ) is the final (initial) probability to find the system in state |s t (|s 0 ) and q ≡ E B (0) − E B (t) is (minus) the change in bath energy given the initial and final outcomes E B (0) and E B (t). In this case, the fluctuation theorem e −(∆sS−β0q) = e −β(w−∆fS) = 1 (64) holds. Note that the stochastic work w as well as the change in stochastic nonequilibrium free energy ∆f S are here determined by measuring the system in its final eigenbasis, e.g., w = s t |H S (λ t |s t − s 0 |H S (λ t |s 0 − q. The so-called 'integral fluctuation theorem' (64) was first derived by Seifert for a system described by a classical Markov process obeying local detailed balance [79] . On the other hand, within our approach based on observational entropy, there is no straightforward derivation of the quantum version of the Jarzynski equality [13] , first derived in Ref. [80] [81] [82] :
Here, in contrast to the stochastic work appearing in Eq. (64), w is determined by choosing the system Hamiltonian as the measured observable, S t = H S (λ t ), and by assuming that the initial state is in thermal equilibrium, ρ S (0) = π S (β 0 , λ 0 ). Furthermore, ∆F (β 0 ) = −T 0 ln[Z S (λ t )/Z S (λ 0 )] is the change in equilibrium free energy as in Eq. (60) . This indicates that the righthand side of Eq. (65) does not take into account the final nonequilibrium nature of the system, which is, however, fully captured by our approach using the observational entropy. Put differently, it is known that the integral fluctuation theorem (64) does not directly imply the Jarzynski relation (65) . Only if the system is allowed to relax back to equilibrium for a fixed value of λ t after the driving protocol, then Eq. (64) implies for a sufficiently large time t ′ > t the result (65) . This, of course, assumes that the bath is again ideal in the sense that it is large enough to induce equilibration on the system. However and very interestingly, it turns out that we can adapt the derivation of the fluctuation theorem to also cover the case of the Jarzynski relation (65) , even in presence of a measurement uncertainty δ. In fact, it should be noted that our approach shares certain similarities with the 'two-point projective measurement scheme' [70, 71] , a theoretical framework where one imagines to projectively measure the initial and final energy of the universe and which is commonly used to derive quantum fluctuation theorems. Unfortunately, this approach so far suffered from the drawback that the projective measurements were assumed to be perfect (i.e., δ = 0) and hence, experimental confirmations seem out of reach even for a bath of moderate size. In contrast, our fluctuation theorem (23) holds even for finite δ given an appropriate initial state and in fact, as we will now uncover, the same is also true for the quantum Jarzynski equality. For this purpose imagine a driven isolated system with an initial state of the form (29) , where the initial probabilities are given by p E0 = e −β0E0 V E0 /Z(λ 0 ) with the partition functionZ(λ 0 ) = E0 e −βE0 V E0 . Such an initial state corresponds to a coarse-grained version of a canonical Gibbs ensemble with a finite uncertainty δ > 0, i.e., we assume ρ(0) = E0 e −βE0 Π E0 /Z(λ 0 ). Now, we define the stochastic work w ≡ E t − E 0 similar to the standard two-point projective measurement approach, but note that this work is not identical to the stochastic work obtained from perfect (δ = 0) projective measurements. Nevertheless, following very similar steps as in the proof of Lemma IV.4, it is easy to confirm that
This corresponds to an effective Jarzynski equality at a coarse-grained level, which, to the best of our knowledge, was not noted before. It effectively interpolates between the perfect measurement limit and the microcanonical case, where the state is entirely restricted to one energy window with finite δ [83, 84] . Of course, due to the finite measurement uncertainty δ > 0 we havẽ Z(λ t ) = Z(λ t ) = tr{e −βH(λt) } and therefore, Eq. (66) is strictly speaking not completely equivalent to the Jarzynski relation in general. However, if we return to the open system paradigm, it is natural to assume that we can measure the system energy perfectly. Furthermore, within the weak coupling regime we approximatẽ Z(λ t ) ≈ Z S (λ t )Z B as in the original work of Jarzynski [13] . Since we do not drive the bath Hamiltonian, we can conclude
Thus, the Jarzynski equality remains valid even in presence of measurement errors in the bath provided that the bath looks microcanonical within the measurement uncertainty δ > 0.
VII. FURTHER EXTENSIONS
A. Multiple heat baths and exchange of particles
The extension to multiple heat baths, labeled by ν ∈ {1, . . . , n}, is straightforward by measuring the energy E ν of each bath (we treat the measurement of particle numbers below). The observational entropy from Eq. (38) is consequently generalized to
where we used a boldface notation to denote the list of measurement results E B = (E 1 , . . . , E n ). Here, p st,EB (t) = tr{|s t s t |Π E1 . . . Π En ρ(t)} (we suppressed the tensor product in the notation) and
where B = (B 1 , . . . , B n ) denotes the presence of multiple heat baths. Then, from Lemma IV.3 the second law follows straightforwardly,
and an obvious generalization of Eqs. (41) and (42) shows how to split it into a classical and quantum part. Furthermore, in analogy to Eq. (43), we can also confirm that the sum of the changes in marginal observational entropy are positive:
However, in contrast to Sec. VI it seems now not legitimate to conclude that Σ ′ Σ. The difference Σ ′ − Σ again characterizes the total amount of correlations between the system and all heat baths and it can be large in the strong coupling regime. It can be even large in the weak coupling regime, when we consider 'pure transport', i.e., an undriven system (λ t = constant) coupled to two baths labeled 1 and 2. Then, due to the conservation of total energy, strong correlations between E 1 and E 2 can build up.
Nevertheless, in the weak coupling regime Eq. (48) still remains a good approximation for each bath (given that the baths are large enough). Then, Eq. (71) reduces to the standard expression
We further comment on how to generalize the theory to include particle transport by measuring the particle number N ν of some species (e.g., electrons) in each bath ν.
Since the particle number operator commutes with the bath Hamiltonian, the generalization of Eq. (68) is straightforward by replacing p st,EB (t) with p st,EB ,
Furthermore, the class of initial states (69) is now characterized by initial bath states of the form
The second law then follows immediately:
Furthermore, in the weak coupling regime we can use the same argumentation as in Sec. VI C by assuming that 
for a sufficiently small ǫ.
If the initial state of the bath can be approximated by a grand canonical Gibbs state ρ Bν (0) ≈ e −β0(HB ν −µν Nν ) /Ξ ν with Ξ ν = tr Bν {e −β0(HB ν −µν Nν ) }, then ∆S Eν ,Nν
follows. Here, ∆N ν (t) = ǫ Eν ,Nν N ν p Eν ,Nν (0)q Eν ,Nν (t) is the average change in particle number of bath ν. Equation (72) is consequently generalized to
Finally, we remark that derivations of various fluctuation theorems are possible as in Sec. VI D.
B. Initial system-bath correlations
Despite of its major importance for the theory of open quantum systems [3] and quantum thermodynamics [10] , completely decorrelated states of the form (4) seem to be a rather artificial assumption for many situations. So far, only a few references showed how to treat initial systembath correlations and even then, these correlations were restricted to a very particular form (mostly global Gibbs states) [16, 20, 29, 30, 33, 35, 36] . Very recently, it was possible to partially overcome this difficulty and to treat a larger class of correlated and decorrelated states within one framework [32, 36, 37, 39, 53] . However, even in these references the presence of only one heat bath was considered.
The observational entropy naturally includes classical correlations between the chosen system and bath observables. Let us consider a generalization of Eq. (69) to initial states of the form
where p s0,EB (0) is arbitary. This is simply Eq. (13) applied to a joint measurement of multiple observables on different Hilbert spaces. Then, it is clear that the second law expressed as a change in observational entropy is not violated:
Therefore, our second law and even our fluctuation theorem (23) remain valid in presence of arbitrary classical initial correlations. For completeness, we take a look at more general correlations. For this purpose we split the initial von Neumann entropy for an arbitary state ρ SB (0) as follows: We add that the following important inequality between the amount of correlations always holds:
Now, we consider the class of initial states ρ SB (0), which fulfill This is equivalent to saying that the stateρ SB (0) obtained by decorrelating ρ SB (0) is of the form (69), i.e., only the reduced states look equilibrated, while the joint state can have arbitrary correlations. Obviously, this class of initial states is even larger than those defined by Eq. (78). 
The first three lines of this expression are always nonnegative, whereas the last line is never positive. However, it seems reasonable to conjecture that the correlations do not drastically change during the course of the evolution. Then,
which implies ∆S St,EB obs (t) ≥ 0. However, precise conditions on the system-bath dynamics, which ensure Eq. (86) , are unknown at present.
VIII. CONCLUDING REMARKS AND OPEN QUESTIONS
We believe that we have provided a novel perspective on the second law of thermodynamics in open (and also isolated) quantum systems, which is based on a microscopic, Hamiltonian approach and satisfies the desiderata A, B, C, D, E and F from Sec. II. In particular, we proved that the second law is indeed identical to the change in thermodynamic entropy of the universe (the system and the bath), if one accepts S St,EB obs (t) as a valid microscopic definition of nonequilibrium thermodynamic entropy. This is an important conceptual point which previous approaches failed to show. Furthermore, the approach is very versatile. It allows to treat various scenarios (one or multiple heat baths, with or without initial correlations, baths prepared in Gibbs states or beyond, etc.) within one common framework, which is another distinctive feature compared to the present literature. The present paper was devoted to a general and conceptual understanding of this framework together with its connection to the previous literature, which emerges as a limiting case. In this last section we comment on interesting future perspectives, in particular in relation to practical applications.
First, observational entropy can be viewed as a purely computational tool or a real operational prescription to measure the thermodynamic entropy in an isolated quantum system. Up to now, we have focused only on mathematical identities and kept the actual value of the measurement uncertainty δ out of the discussion; tacitly assuming that we can theoretically choose it at our convenience. This view is not much different from many other theoretical proposals, which can be experimentally confirmed only by perfectly measuring the universe, i.e., the system and the bath. However, since the measurement uncertainty δ is an intrinsic element of our theory, our approach can be easily formulated in an operational way. Interestingly, experimentally confirming our theory is challenging from one perspective, but also easy from another. The challenging part concerns the ability to measure with a small enough δ such that the initial state assumption [see, e.g., Eqs. (13) or (39) ] holds (which typically is not the case if δ is too large). As a rule of thumb, we believe that the experimental requirement for δ is
where p EB (t) = tr B {Π EB ρ B (t)} is the probability to measure E B given an arbitary bath state ρ B (t). Thus, the energetic measurement of the bath should be fine enough such that we are able to keep track of energetic changes in it. This should be feasible by using, e.g., tailored open quantum systems in trapped ion systems [85, 86] or by very sensitive thermometers for calormetry [87, 88] . Therefore, while experimentally challenging, it does not seem out of reach for current technologies. Furthermore and very interestingly, an operational interpretation of observational entropy (i.e., an interpretation where we really assume that the measurements are performed in a lab) allows us to confirm that the results presented in this manuscript hold for an even larger class of initial states. In fact, returning to our general notation of Sec. IV the initial state ρ(0) can be any state provided that the post measurement state
has the special form (13) or (39) . This includes initial states ρ(0) with arbitrary coherences with respect to the measurement basis {Π x }. Second, one might wonder why the energy observable is actually so special. Within our framework there are two reasons for it. First, equilibrium statistical mechanics predicts that states of the form (39) are good candidates for initial states. Much progress about the question why this is indeed the case even if the system is initialized in some pure state |ψ(0) was recently reviewed in Refs. [89] [90] [91] [92] and it was also investigated from the perspective of observational entropy [11, [63] [64] [65] . Second, observing the energy has the outstanding advantage that it is linked to the first law of thermodynamics. Nevertheless, it seems worthwile to pursue the question what happens if we use other observables than energy. This question is experimentally relevant because it might not be always easy to measure the total energy. Furthermore, to a large extend we also left the case of multiple observables open. It is not clear what is the relevance and consequence of observing non-commuting observables X 1 , X 2 , . . . in quantum thermodynamics, where the product of projectors Π x1 Π x2 . . . is no longer a projector.
This brings us to our third open point, namely how to extend the present framework to more generalized measurements characterized by arbitrary positive operatorvalued measures ('POVMs') [93] . In fact, strict projective measurements are hard to realize in an experiment. More likely is that a measurement result x ′ corresponds to applying a Gaussian weight of projectors Π x fixed around x ≈ x ′ . Interestingly, for an arbitrary set of POVM elements {P x }, which always fulfill
x P x = 1, the main definition (9) of observational entropy remains: the probability to observe outcome x is given by p x = tr{P x ρ} and the volume term becomes V x = tr{P x }. At the moment it remains open, however, whether variants of the four Lemmas in Sec. IV can be established.
Fourth, here we have focused only on two measurements (an initial and a final one). In many experiments, however, one repeatedly probes the system and it is not clear what happens to our framework in the situation of multiple sequential measurements, but see Ref. [61] for some preliminary results.
Fifth, it remains open to study the behaviour of observational entropy for various concrete open quantum systems. One way to pursue would be (analytically or numerically) exactly solvable system-bath models, but they are well-studied in the literature and we already compared our framework to previous proposals in detail in Sec. VI C. In the future we rather aim at studying the evolution of observational entropy for 'typical' open quantum system dynamics by establishing bounds on the quantum and classical parts Σ qm and Σ cl valid for a large class of evolutions under reasonable assumptions.
Sixth and finally, it is desirable to understand the potential for applications of the present framework better.
For instance, what is the amount of extractable work from a generic quantum system given a set of allowed transformations and a set of measurement outcomes {x t } of one or multiple observables? What are the optimal measurements to perform in order to extract the maximum amount of work?
To conclude, observational entropy is a versatile concept, which provides a link between problems studied in the field of equilibration and thermalization in isolated quantum systems [89] [90] [91] [92] and quantum thermodynamics and open quantum systems theory. We therefore believe that it provides an important bridge between the zeroth, first, and second law of thermodynamics.
